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The Kuramoto model (KM) is a minimal mathematical
model for investigating the emergence of collective oscilla-
tions in populations of heterogeneous, self-sustained oscil-
lators. Over time, it has increasingly been used to describe
neuronal oscillations. Yet, the KM was not originally in-
tended to describe any specific natural system, and it is un-
clear how the parameters of the KM relate to bio-physically
meaningful parameters of spiking neuron models.

Here, we uncover a mathematical relation between the
Quadratic Integrate-and-Fire (QIF) neuron model and a
well-known variant of the KM [1]. By using a perturbation
method and averaging, we reduce the population dynamics
of weakly heterogeneous QIF neurons that are weakly cou-
pled both with chemical and electrical synapses. The result-
ing KM readily allows for a comprehensive analysis of the
collective dynamics of QIF neurons. We thus provide a rig-
orous footing for the use of the KM in modeling studies in
computational neuroscience. We also show that the ratio of
chemical to electrical coupling manifests a critical parameter
determining the synchronization properties of the network.

The dynamics of N QIF neurons interacting all-to-all via
both electrical and chemical synapses are given by

TV, = V2 4+n+e [JTr(t) + & Zjvzl(Vj — Vi)]7 (1

together with the resetting rule: when the membrane poten-
tial V; of neuron ¢ = 1,..., N reaches the peak value V,
neuron ¢ emits a spike and its voltage is reset to V,.. With
Vp = =V, and V}, — oo, the QIF model is equivalent to the
“theta-neuron”. We consider nearly identical external cur-
rents 1; = 7 + €x; > 0 so that, in the absence of synaptic
inputs (¢ = 0), QIF neurons are self-sustained oscillators.

Inhibitory chemical coupling (of strength —eJ > 0)
is mediated via the population firing rate r(¢). Electrical
synapses (of strength eg > 0) diffusively couple all the neu-
rons with each other, and have previously been shown to fa-
vor synchrony in populations of QIF neurons when g is suf-
ficiently strong [2]. Here, however, we consider only weak
synapses, € < 1, which allows us to derive the KM for pop-
ulations of QIF neurons of the form:

0; =w; + % 30 [sin(0; — 0; — a) +sina]  (2)

with natural frequencies w; = (21/7+€x:/+/7) /T, coupling
constant K = e+/(J/m)? + g2/, and phase lag parameter
a = arctan(J/(mg)). The coupling parameters K and o
satisfy a simple geometric relation with the coupling param-
eters of the QIF model Eq. (1), illustrated in Fig. 1.

Using well-known results for the KM [3], we can in-
fer from this geometric relation how chemical and electri-
cal synapses contribute to synchronization: electrical cou-
pling is indispensable for synchrony; in interplay with in-
hibitory synapses, we find that synchronization depends on
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Fig. 1. Geometric relation between the coupling parameters
of the QIF model (1) and the Kuramoto model (2).

both « and the distribution of natural frequencies. For
Lorentzian distributed natural frequencies, we can invoke
the Ott-Antonsen ansatz and reduce the /NV-dimensional KM
Eq. (2) to a two-dimensional mean field model in the ther-
modynamic limit N — oo, which conveniently allows for
analyzing the collective dynamics of QIF neurons with both
chemical and electrical synapses. To further illustrate the
appropriateness of the KM, we investigate the presence of
chimera states in two populations of QIF neurons, see Fig. 2,
and present a relation between chimera states in spiking neu-
ron networks with those originally uncovered in the KM.
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Fig. 2. Chimera state in two-population network of QIF neu-
rons predicted by the Kuramoto model (top). The numeri-
cally obtained order parameter R, agrees well with theory
(bottom).
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