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The design and implementation of shortcut protocols able

to drive physical systems from an initial state to a target

state in a finite time represents a crucial problem in many

fields of physics. In the last years, these protocols have

been thoroughly studied and applied in quantum systems,

commonly under the umbrella of the term shortcuts to adi-

abaticity [1]. More recently, some of these ideas have been

adapted and/or exported to different frameworks, from iso-

lated classical systems to statistical mechanics [2]. Still, the

picture of a neat correspondence between quantum and clas-

sical shortcuts is not complete.

Herein, we present a statistical fast-forward procedure—

in the spirit of its quantum counterpart [3]—for one-

dimensional overdamped dynamics [4], e.g., a Brownian

particle in 1D submitted to a controlled external potential

U(x, t). We start from the evolution equation of the proba-

bility density function ρ(x, t) describing our system, which

is governed by the Smoluchowski equation,

γ∂tρ(x, t) = ∂x [ρ(x, t)∂xU(x, t)] + β−1∂2

x
ρ(x, t), (1)

where γ stands for the friction coefficient, and β =
(kBT )

−1, with T being the temperature of the thermal bath.

From an inverse-engineered perspective, given a prescrip-

tion ρ(x, t), one can solve Eq. (1) for U(x, t). Nonetheless,

in general, the external potential obtained by this method is

neither in closed-form nor suitable for applications.

We start by deriving the external potential needed to time-

manipulate a certain reference process. Specifically, let us

consider a solution ρr(x, t) of Eq. (1) with a reference po-

tential Ur(x, t). Therefore, the prescription we would like to

impose is

ρ(x, t) = ρr(x,Λ(t)). (2)

Note that Λ(t) represents a time map between the reference

and the manipulated processes. The new and the reference

process are the same film but played at different frame rates,

see Fig. 1. Thus, finding the driving potential that enforces

the dynamical prescription given by Eq. (2) is providing us

with the capability to accelerate, slow down, or even reverse

time of a reference process.

Our procedure to accelerate a reference evolution can be

used to build arbitrary connections between states. It suffices

to use a welding protocol, which matches a fast-forward evo-

lution and a fast-backward (i.e., time reversed) evolution to

a common intermediate state. As we will show during the

presentation, choosing wisely this intermediate state allows

Fig. 1. Sketch of different linear instances of the time ma-

nipulation function Λ(t). The absolute value of the slope

of such function gives the acceleration (|Λ̇(t)| > 1) or de-

celeration (|Λ̇(t)| < 1) rate with respect to the reference

time evolution. On the one hand, three forward processes

has been plotted. Namely, a fast forward (cyan), an identity

(blue), and slow motion (purple) transformations with final

duration equal to tFF, tr, and tSM
f respectively. On the other

hand, a fast time reversal (red) transformation has been dis-

played with the same acceleration factor than that of the fast

forward example, tTR
f = tFF

f . Note that, in general, Λ(t) does

not need to be linear.

us to work out closed-form expressions for both the driving

potential and the evolution itself.
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